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0 Trigonometry Review

Theorem 0.0.0.1 (Sum Formula).

sin(a + ) = sin(«) cos(5) + cos(a) sin(5) (1)

cos(a + ) = cos(a) cos(B) — sin(a) sin(3) (2)
_sin(a) cos(3) + cos(a) sin() .

tan{a + ) = cos(a) cos(f) — sin(a) sin(5) by (1) and (2)

sin(a) sin(f)
_ % divide num and dem by cos(a) cos(/3)
cos(a) cos(B)

_ tan(a) + tan(p)
1 — tan(«) tan(pB)

Corollary 0.0.0.1.1 (double angle formula). Let a, f = 6. Then,

sin(26) = sin(6) cos(#) + sin(#) cos(0) by (1)
= 25sin(#) cos(6)

cos(20) = cos(f) cos(#) — sin(0) sin(h) by (2)
= cos?(#) — sin?(0)
=2cos’(f) — 1 we call this *
=1 —2sin?(9) we call this **

tan(20) = z—t?;fg()e)

Corollary 0.0.0.1.2. Thus, it also follows that,

1 —cos(20)

sin?(0) = — by **
1+2 2

cos?(0) = ++S(9) by *

tan?(0) = sec*(0) — 1 from sin® + cos? = 1
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Thus,

Eric Wu
1— 0
sm(§) =+ CQOS( )
0 6
= QSIH(E)COS(ﬁ)
0, 1 + cos(0)
cos(é) =+ 5
6
= cos’(z) — sin2(§).
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1 Definite Integral

1.1 Sums

Definition 1.1.1 (Sigma Notation). Let m,n, k € Z=° s.t. m < k < n. If a is a real-valued
function of k, then

where ay, is the general term, k is the index, m is the initial value of index, and n is final
value of index.

Example. Express 1 — 2% + 3% — 4% + = ﬁ in )  — notation. We first observe

that the aihas the for &. Now, to osccilates the sign +, we define a; = (_lk):ﬂ. Note that

k2
1 < k <666 in this series. We thus obtain:

Remarks 1.1.1.0.1. ) notation is not unique. Take for example the equivalence:

n n—1
E ap — E Ap41-
k=1 k=0

Theorem 1.1.1.1 (Properties of Sigma Notation). Let n, k,l € Z* s.t. k < n. If a; and by
are real-valued functions of k, then

n

k=1 k=1

k=1

n n
ii. Ve e R, E cak:cg ag.
k=1 k=1

n -1 n
iii. Zak = Zak+2ak, where 1 <1 <n.
k=1 k=1 k=1

Properties (i and ii) are called linearity property of sigma notation.
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Proof. Tt is sufficient to verify both (i. and ii.) by provmg the followmg If a;, and b, are

real-valued functions of k, then Ve € R, Z ca, + b) = ¢ Z ai + Z by.

k=1 k=1
Suppose ag, b, € R. Let ¢ € R be arbitrary. Then,

n

Z(cak +br) = (cay + by) + (cag + bg) + - - - + (ca, + by) by ¥ definition
k=1

=(cay +...cap)+ (by +---+by)
by associativity and commutativity of reals under addition

=clag+...a,)+ (by+---+b,) left distributivity law

=c Z ay + Z by, by ¥ definition; as required.
Furthermore, for (iii.), let 1 < < n. Then,

Z ar=ay+---+a, by ¥ definition

:a1+--~—|—al_1+al+al+1+-~-+an
sincel <l = 0<l—1 = | —1¢€&Z" the equality holds

= (a +-ta )+ (tas+--+ap) by associativity
-
g+ Z ajy by ¥ definition; as required
k=
OJ
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n—oo

—~ 5
Example. Evaluate lim g —4(14;3 +1).
n
k=1

Solution. We first observe that % is constant with respect to k. Then,

=5 s 5 s ,
nll_)HQlQ; ﬁ(k’ +1)= nh—>nolo i kgl(k +1) by ¥ property (ii.)
5 (s N .
= nh_}rgo - <Z k” + Z 1) by ¥ property (i.)
k=1 k=1
5 2 1)
= lim — nn+1) + ) by proven formula in A67
5 )2 5
= lim - - M + — by algebra
n—oo 4 n? n3
5 1\* 5
— lim 2. (2 + + — by algebra
n—oo 4 n ns
5 1\* 5
= lim - - (1 + —) + — by algebra
n—soo 4 n 3
5 5
=—-(1+00°+0=-
4 (1+0)"+ 4

by algebra and limit type = for some constant ¢ € R; as required.
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1.2 Riemann Sums

Definition 1.2.1 (Partition). Let a,b € R,a < b. A partition P of [a,b] is a collection
of a finite number of points in [a,b], one of which is ‘a’ and another one is ‘b’. We write
P ={xg,z1,29,...,2,} forsomen € Ns.t. a=zp <1 <--- <z, =0

Example. Let [ = [0,1]. Then P = {,0, 1,1} is a partition; where z; = 0,21 = 5,25 =
, Ly = 1.

(S

Definition 1.2.2 (Riemann Partition). Let a,b € R,a < b. Consider I = [a,b]. Then, a
Riemann partition of I is a partition such that x; = a+1Ax; where Ax = b_T“,i =0,1,...,n
for some n € N.

Example. Find the exact signed area A between y = f(x) = e over [0, 3]. Say we have
n = 3 for a Riemann partition.

3
In this case, A~ f(xg)Azx + f(x1)Ax + f(x9) Az = Z flzi1)Ax
i=1

Definition 1.2.3 (Riemann Sum). Let a,b € R,a < b. Let [a,b] C dom (f). Let P = {x;}},
be a Riemann partition of [a,b]. Then, a Riemann Sum for f on [a,b] = Z f(z;)Ax, for
i=1

any =} € [x;_1,z;] (sample points). In particular,
Left Riemann sum for f on [a,b] :=

Ln = Z f(ZL'Z_l)AfL’
=1

Right Riemann sum for f on [a,b] :=
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Conjecture.

1. (a) If f is increasing on [a,b], then L, < A < R,,.
(b) If f is decreasing on [a, b], then R, < A < L,,.

2. Larger n values provide more accurate approximations of A.

Intuition. Let y = f(z) = e®. Note that f(x) is an increasing function on R. Say n = 5.
Then on the interval [Xg, X4] we have:

Left and Right Riemann Sum for e* (n = 5)
Y
60 | f(X4)

40 |

20 Left Sum f
Ko)

Where Az = % = all the base of rectangles. Observe that L, < A < R, since left
Riemann Sum takes f(Xp),..., f(X3) and right Riemann Sum takes f(X3),..., f(X4) by our
definition;where f(zo) < f(X1) and f(X3) < f(X4).

The signed area of this increasing function thus has the property satisfying conjecture 1., (a).

Consider n — oo on the interval [Xg, X,,Jof f.

Riemann Sum for e* as n — 0o

40 | Right Sum

Left Sum

In this case, it seems that conjecture 2. holds.
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1.3 Definite Integral

Definition 1.3.1 (Riemann Definite Integral). Let a,b € R,a < b. Let A be signed area
between f over [a,b]. Let a finite set P = {z;}"_, be a Riemann partition of [a, b].
Let [a,b] C dom f. Then, the definite integral of f on [a,b] is denoted as:

A= [ s =pm gﬂx:)m

for any z} € [z;_1,x;]; provided that the limit exists.
Definition 1.3.2 (Integrability). When such limit exists we say f is integrable on [a, b].

Notation.

1. « / " is called integration sign.

2. a and b are integration limits, where a is the lower integration limit and b is the upper
integration limit.

3. f(z) is the integrand.

4. dz is called the differential. (Intuitively the infinitesimally small width for Riemann
Sum).
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1
Example. Evaluate / V1 — x2dx.
0
Solution. First, note that we have a smei-circle function:

fl@)=y=v1-2a?
— P =1-2"
— 22+ 9> =1 observe that this is a circle center at (0,0) with radius 1.

Since dom f = [1,—1] = f(x) € [0,1] this is a semi-circle with radius 1. Geometrically,

! (1) «
we thus have / V1—22dx = e required. [ |
0

Graphically,

1
Definite Integral / V1 —22dx
0

Y

f(Xo)
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21 ’
Example.(Ans: —?) Compute / (x — b)dx using Riemann definition of the definite

0
integral. Given that [a,b] = [0, 3], f(z) =2 — 5.

Solution. We know Ax = % = % Thus, by definition, x; = 0 + z% = % Choose z} = ;.
Then,
3

n
Therefore,

3 n
/ (x —5)dxr = lim Z f(x)Ax by R definition of definite integral with 2} = x;

" (3i 3 .
:limz<—z—5)— sincexi:%andAa::%
"~ (9 15
= lim 3 (n— - z)
"9 =15
= lim Z — — —) property of 3
n o0 2
- (i:l n i—
‘ n 1 n
:nh_g)lo EZ%—EZB)

. 1
= () 5“5"0
) 9n? 4+ 9
=T T 15)
21
=-5 as required.
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5~ 6+
dx). Express lim — Z

x
x — 2 n—oo N /4_'_5@

Solution. We first note that

11
Example.(Ans: / as a definite integral.
6

by properties of 3.
Observe that % seems to form a pattern. We thus choose Az = % Also, we choose z} = z;,
i.e., to form a right Riemann sum. Then, by definition, Az = % =9 and x; = a + iAz;.
In particular, we can choose x; = 6 + iAz;. It then follows that a = 6 <= b =11. Then,

we have

" 6+ ~ 6+% 5
hm — = lim Z —t
= lim - Ax by chosen x; and Ax
Jn Z NoEy:
Note that f(z]) = %=. We thus choose f(z) = 7+ Then,

5~ 6+ 2
lim — —r lim as shown previousl
nﬁoonz /4+51 n%oo;,/ T; 1% y
=l ) e

since z7 = x; as chosen, also by definition of chosen f

= / f(x)dx R definition of definite integral
6
= / a: dx as required.
6 r—2
[ |
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Theorem 1.3.2.1 (Properties of the Definite Integral). Let a,b € R, a < b.
Let [a,b] C dom f. If f and g are integrable on [a, b, then

i. (a) If f(z) >0 on [a,b], then / f(z)dxz > 0.

(b) If f(x) <0 on [a,b], then /b f(z)dz <0.

ii. f+ g is integrable on [a, b]. Moreover,
b b b
/ (f(z) + g(z)) dx :/ f(:t:)d:z:—l—/ g(z)dz.

iii. Ve € R, ¢f is integrable on [a, b]. Furthermore,

/abcf(x)dx _ c/abf(x)dx.

iv. / " H@)de = 0.

| /abf(x)dx _ —/baf(x)dx

vi. Union Interval Property:

/abf(x)dx _ /acf(x)der /be(x)dx

for any constant ¢ € (a,b).

<
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Proof (of ii.). Suppose f and g are integrable on [a, b]. It is sufficient to show that
b

b b b
/ (f(z)+g(x))dx = / f(z)dx +/ g(z)dz. For the existence of/ (f(z)+g(x))dx

satisfies integrability of f + g on [a, b].
« Let P = {z;}, be a Riemann partition of [a, b]. Note that by assumption,

f Ydx = nh_{rolo Z flx exists for any xf € [z;_1, x;]
(2) /a dx = nh_}r{.lOZg exists for any xf € [x;_1, z;].
Consider

/ab f(x)dx +/ g(z)dx = JLHQOZ f(x]) Az + nh_I&Zg by hypothesis
= lim (Z fla)Az + Z g(x > limit laws
= lim Z DAz + g(ah)Ax) 3 property
= lim Z (f(27) + 9(27)) Az algebra

=1

b
= / (f(z) + g(x))dx by R definition of the definite integral

because dom(f + g) = dom(f) N dom(g)
Moreorver, [a,b] C dom(f) and [a,b] C dom(g) by R hypothesis
it follows that [a,b] C dom(f + g); as required.

1,ifxreQ
0,ifz ¢ Q.

Let a,b € R,a < b. If fis continuous on [a,b] or if f has a finite number of finite jump on
la,b] then f is integrable on [a, b].

Remarks 1.3.2.1.1 (Conjecture). Does fo x)dx exists? Where f(z) =
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1.4 The Darboux Integral

Definition 1.4.1 (Darboux Sums). Let a,b € R,a < b. Let P = {z;}_, be any partition
of [a,b]. Suppose f is bounded on [a,b]. That is, 3¢ € R Vx € [a,0] s.t. |f(z)| < e
Furthermore note that it then follows for such ¢, —c¢ < f(z) < c.

1. The Lower(Darbous) Sum for a function f with a partition P is denoted

L(f,P) = Zml(xl — 1)

where m; = inf {f(z) : x € [x;_1, 7]}

2. The Upper (Darboux) Sum for a function f with a partition P is denoted
U(f, P) = Z MZ(IZ — ZEZ'_1>
i=1

where M; = sup {f(z) : x € [x;_1, 4]}

Definition 1.4.2 (Darboux Integral). Let a,b € R,a < b. Suppose f is bounded on [a, b].
We say f is integrable on [a, ], i.e., f;f(:v)d:r exists, iff

sup{L(f,p) : P is any partition of [a, b]}
=inf{U(f,p) : P is any partition of [a, b]}

- / s

Pictorially,

M; _
N

Zo L,

T T T T T f
—4 -3 -2 -1 0 1 2 3 4

where the dark blue area is L(f, P) and the light blue area is U(f, P).

p- 15
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1,ifx €@Q
“1,ifz e R\ Q.
Compute U(g, P) for any partition of [0, 3].

Example. Consider g(z) =

Solution. Let P = {x;}_, be an arbitrary partition of [0, 3].
Fori e [1,n] NN,

M; = sup{g(z) : = € [z;_1, 2]}

= Sup{_17 1}
Since Q and R \ Q are dense in R, 1 and — 1 must be obtained by = € R.
=1 by definition of sup.
Thus,

U(g,P) = Z M;(x; — ;1) by definition

i=1
= Z(mz — 1) since M; = 1 as shown

i=1
=(x1—mo)+ (g — 1)+ + (2 — xy_1) by ¥ definition
=—xo+(r1—x1+ -+ Tp1—xy1)+x, associativity and commutativity
=z, — To algebra
=3-0 by definition of any partition over [0, 3],aq = 0 and a,, = 3
=3 algebra as required.
|
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0+7m,ifxreQ
0,ifx € R\ Q.
Prove f is not integrable on [0, 1] with Darboux definition.

Example. Let f(x) =

Proof. WTS:
sup{L(f,p) : P is any partition of [0, 1]} # inf{U(f,p) : P is any partition of [0, 1]}.

Let P = {x;}, for some i € [0,n] "N and n € NU {0} be arbitrary partition over [0, 1].
Then, for each i € [1,n] NN,

m; = inf{f(z) : x € [x;i_1, x|}
= inf{0, 70 + 7} since Q and R\ Q are dense in R both outputs are obtained
=0 by definition of inf.

Furthermore,

M; =sup{f(x) :z € [z;_1, 2]}
= sup{0,70 + 7} since Q and R\ Q are dense in R both outputs are obtained
=70+ by definition of sup.

It then follows that

n

U(f,P)=> M(x; — ;1) by definition of U(f, p)
i=1
= Z(?O + ) (x; — xi1) by demonstrated fact that M; =70 + 7
i=1
= (70 4+ m) Z(ZUZ — T 1) Y linearity since 70 + 7 is constant
i=1
= (70 + 7) - length([0, 1]) by geometric intepretation
= (70+m)(1—0) definition of length
=70+ algebra.
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Also,

n

L(f, P) = Zmz(% — Ti-1)

i=1

by definition of L(f,p)

by demonstrated fact that m; =0

algebra

algebra.

Thus, VP of [0,1),U(f, P) =70+ m and L(f, P) = 0 since P is arbitrary.

Then,

sup{L(f, P) : P is any partition of [a,b]} = sup{0}

Also,

=0

by demonstrated facts of L(f, P)
def of sup

inf{U(f, P) : P is any partition of [a,b]} = inf{70 + 7} by demonstrated facts of U(f, P)

Therefore,

=704+«

def of inf

sup{L(f,p) : P is any partition of [0, 1]} # inf{U(f,p) : P is any partition of [0, 1]}.

That is, we have proven that f is not integrable on [0, 1] with Darboux definition as required.

]
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Definition 1.4.3 (Integrability Reformulation). Let a,b € R, a < b. Suppose f is bounded
on [a,b]. We say f is integrable on [a, b], i.e., f:f(x)dx exists, iff

Ve > 0, 3P partition of [a,b] s.t. U(f,P)— L(f,P) <e

1,ifz €Q

Example. Let f(z) = {0 if 2 € R\ Q

1
Prove / f(z)dz DNE by Integrability Reformation.
0

Proof. WTS
= (Ve > 0, 3P partition of [0, 1] s.t. U(f, P) — L(f, P) < ¢e.) holds.

That is,
de > 0,VP of [0,1] s.t. U(f,P) — L(f, P) > ¢ holds.

Choose € = £ > 0. Let P = {;}j_, be an arbitrary partition of [0, 1].
Note that, for i € [1,n] NN,

m; = 1inf{f(z) 1z € [x;—1, 2]} =0
M; =sup{f(z) :z € [z;_1,2;]} = L.

Now,
U(f,P) Z M;(x; — z-1) Z mi(z; — xi_1) by definition
i=1
IR o
i=1
= length([0,1]) — 0
=1
> € by arithmetic fact
T
e
> -
7
=c by our choice of epsilon
Thus we have shown the required, that is, f is not integrable on [0, 1]. O
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2 Indefinite Integral

Definition 2.0.1 (Antiderivative). An antiderivative of a continuous function f over an
interval I is a function F' s.t.
Ve eI, F'(z) = f(z).

Example. Consider f(z) =¢e**! on [-2,7].

Solution. Choose Fi(z) = e"'. Let z € [—2,7] be arbitrary.

Then,
Fi(z) =™ (1) = e = f(a).
[
Excercise. Is Fy(x) = ¢**! + 2 also an antiderivative to f on I?
Solution. Yes. Since Fj(z) = e = f(x). |
Remarks 2.0.1.0.1. Antiderivatives, when exist, are unique up to an additive constant.
Example. f(z) =2", st. n € R\ {-1} on I = (a,b),Va,b € R, a < b.
Solution. Choose F(z) = f::: Let = € I be arbitrary. Then,
P(a) = — " = a" = [(a)
n+1
[

Definition 2.0.2 (Indefinite Integral). The indefinite integral of a continuous function f,

denoted / f(z)dz, is an infinite family of antiderivatives of f, i.e.,

/f(:v)d:v = F(x)+C

where F'(z) is some antiderivative of f and C' is an arbitrary constant.

p- 20
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Example. Evaluate / PE 1dx

Solution. Choose F(x) = %ﬂm) Then, F'(z) = —%2+ -+ = —4+—. Thus, we have,

1+422 2 = 4z241°
1 1
dr= | —~—d
/4:@2+13j /(2x2)+1x

_arctan(2z)
=0

+C by chosen F'(x) as required.

Theorem 2.0.2.1 (Properties of Indefinite Integral). If f and g are continuous, then

i / (F(x) + g(x))da = / f(a)de + / o(z) + dz.

ii. Vk e ]R,/k:f(x)dx = k;/f(x)dm
proof of (ii). Suppose [ is continuous and k € R is arbitrary. Consider
k/f(x)dx =k(F(z)+C)

by definition of indefinite integral of f where F'(z) = f(z),Vz € dom (F)
= kF(z)+ kC by algebra

Now we claim that (kF(z)) = kf(z). Let « € dom (kf(z)) = dom(f(z). Then,
(KF(z)) = kF'(x) = kf (x)

since F'(xz) = f(x) on dom F'. Thus, the claim holds. Thus,

k / flz)dz = EF(z) + kC as shown previously

= kF(z) +C where C' = kC' is some arbitrary constant

= /k:f(a:)dx.
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3] 2
Example. Find / <5111( ?) +7T7“) dx.

sin(x)
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3 The Fundamental Theorem of Calculus

Theorem 3.0.0.1 (The Fundamental Theorem of Calculus). Let a,b € Rya < b. If f is
continuous on [a,b] and F is any antiderivative of f on [a,b], then

b

= F(b) — F(a).

a

/abf(:v) iz — /ab F(2)dz = F(x)

Proposition 3.0.0.2 (MVT for Definite Integral). Let a,b € R,a < b. If f cont on [a, ],
then

b
dc € [a,b] s.t. / flz)dz = f(c)(b— a).
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Proof. Suppose f is continuous on [a,b] and F' is any entiderivative of f on [a,b]. Let
P = {z;}! be a Riemann Partition over [a, b] where Az = =%, Thus,

b n
I * *
| 1@ = Jim 3 f(e) A *)
by R definition of the definite int with continuity on [a, b] for any xf € [x; 1, z;].

Note that by assumption, F is differentiable on [a,b] and F is continuous on [a, b] as differ-
entiability == continuity. In particular, F' is continuous on each [z;_1,2;] C [a,b] and F
is diff on each (z;_1,2;) C [a,b].

Therefore, by Mean Value Theorem (applied to F on (z;_1,;)),

F(l’l) — F(l’i,1)
Ty — Tj—1

< F,(CJ(J], — xi—l) = F(ZEZ) — F(ZEi_l)
algebra; note that z; — x;_y = Ax by P and F'(¢;) = f(¢;) by assumption

MVT

Je; € (w1, i) st Fl(e;) =

= F(z;) — F(x;1) = f(e)Az. (**)
We choose z} = ¢;.
Then,
b n
/ f(z)dx = lim Z f(z}) Az R definition of definite integral
n—oo
a i=1
= r}grgo z; fleh)Ax by chosen z;
= lim Zl F(x;) — F(zi_y) by **

= lim ((F(z1) = F(z0)) + (F(2) = F(z1)) + - 4 (F(2n) = F(2-1)))
by definition of X

= nhjEO F(x,) — F(xo) algebra
= 7Ih_r)rolo F(b) — F(a) by P definition
= F(b) — F(a) by limit constant law; as required.

O
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1
1
E le. C t ? v d
xample ompue/0 (z°Vr +e +1+:c2) x
7
Solution. Let f(r) = 2°/x + " 4+ 53. Choose F(x) = % + e” + arctan(z). Note that
2

Fi(x) = f(x).

Then, by fundamental Theorem of Calculus,

/Ol(x = (é + e” 4 arctan(z ))

1)7 + 4) (0+1+0) algebra

1

0

2

((1)2 +
T :

e+ 1 algebra; as desired.

| Ot

p- 25



MATA37 Eric Wu Winter 2025

4 Functions Defined by Integrals

Theorem 4.0.0.1 (FTOC II). Let a,b € R,a < b. If f is continuous on [a,b] and define
F(z) = / f(t)dt for any x € [a, b], then

i. F' is continuous on [a, b].
ii. F is diff on (a,b).

iii. F'(z) = f(z),Vz € [a,b], i.e., F is antiderivative of f on [a,] :

% (/;f@)dt)) — f(x) on [a,b].

Remarks 4.0.0.1.1 (Area Accumulation). F(z) = / f(t)dt from FTOC II is called an

area accumulation function of f.
4
Example.Let H(x) = / e *dt. Find H'(z).

Solution. Note f(t) = e’ tlis a composition of the exponential e! and the polynomial t2+1,
both of which are continuous on their domain R. Hence, f is continuous on R.
In particular, f is continuous on, without lose of generality, [4,z] C R.

Define F(z) = /w f(t)dt.

Thus,
H'(z) = % (/:f(t)dt)

d x
= <_/4 f(t)dt) by [ properties

= _% (/; f(t)dt) by diff rules
= —f(x) by FTOC II since F'(-) = f(+)

. _€w2+1
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x

Proof of FTOC II. Suppose f is continuous on [a,b] and define F(x) = / f(t)dt for any

x € |a,b]. WTS: F' is continuous on [a,b] and F is diff on (a,b) and ’

F'(x) = f(x),Vx € [a,b]. It suffices to show that F'(z) = f(x),Vz € [a,b] as it necessitates
differentiability on [a, b] D (a,b) which further implies continuity on [a, b].

Case 1. (Interior Points)

Let = € (a,b) be arbitrary. Consider

F(:U—Irh)—F( )

F'(z) = lim

by definition of F”
h—0

/ - /f by def of F

= lim — / demonstrated in lecture
h—0 h

b
Low_1 "
_]111_{% T —x/ f(t) by algebra: b_a/a f(t)dt
= lim f(c)

For some ¢ € [z,x 4+ h| by MVT for int since f is constant on [z,z — h] C [a, b] where ¢ depends on h

= lim
h—0

(*)Noteh -0 <= |[z+h—2| =0 < |c—2z| =0

= lim f(c) by (*)
c—T
= f(z) since f is continuous at x as = € [a, b].

Case 1II.

Let + = aand x = b. WIS F!(a) = f(a) and F' (b) = f(b). This follows by analogous
argument to case I but change the 2-sided limits to appropriate LH and RH limits and
replace x = b and x = a respectively.

Remark. The reason we consider two cases is because for the first case, any derivative in
la,b] is a two-sided limit. Whereas for the end point of the interval, @ and b it is one side
limit. [
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cos(zx)
Example. Let g(z) = / arctan(t) dt. Find ¢'(x).
sin(x)

Solution. Let f(t) = arctan(t). Since arctan is an inverse trig function, and so continuous on
dom(f) = R. In particular, f is continuous on, w.l.o.g., [sin(z), cos(x)] C R as the interval
x

symmetric. Define F'(z) = / f(t) dt where ¢ is a constant s.t. ¢ € [sin(z), cos(z)]. So,

C

, d cos(x)
gr)= o ( / o dt)
d c cos(x)
-4 ( / RS J dt)

by union interval property; for any constant ¢ between sin(z) and cos(z)

d sin(x) cos(x)
=— |- f(t)dt + f(t)dt by def int prop
dx

= % (—F(sin(z)) 4+ F(cos(x))) by definition of F’
= —F'(sin(z)) cos(z) + F'(cos(z)) - (— sin(x)) by diff rule
= — f(sin(x)) cos(x) — f(cos(x)) sin(x) by FTOC II

)
= — cos(z) arctan(sin(x)) — sin(z) arctan(cos(z)) by definition of f; as required.
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5 Integration Techniques

5.1 Integration Techniques

5 Concerned Integrals:
i. Chapter 4 Methods (analytical, geometrical, inspection, FTOC)
ii. Substitution Rule
iii. Integration by Parts
iv. Partial Fraction Decomposition
v. Trigonometric Substitution

Theorem 5.1.0.1 (Subsitution Rule). If f(x),g(z) and f(g(x))g'(x) are continuous, then
For definite integral,

b g9(b)
/ flg(x))g'(x)dx = / f(u)du where u = ¢g(z) and du = ¢'(z)dx
a g(a)
For indefinite integral,

/f(g(:c))g’(:z:)dx = /f(u)du where u = g(z) and du = ¢'(z)dx

p- 29
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Proof (of definite integral). Suppose f(z), g(z) and f(g(z))g'(x) are continuous on [a, b]. Let
u = g(z) and du = ¢'(z)dz. By FTOC II we know F is an antiderivative of f on [—,-]. For

the right hand side,
g9(b)
[ st
g9(a)
b)

g(

= F(u)

" by FTOC 1
= F(g(b)) — F(g(a))
Claim: F(g(z)) is an antiderivative of f(g(z))g'(z) on [a,b]. Let € [a, ] be arbitrary. Then,
(Fg(z))) = F'(g(z)) - ¢'(z)
= [(9(z)) - ¢'(x) as I'" = f.

Thus our claim holds. Then, for the left hand side,

b
/ flg(2)g ()da
— Fg(x))|

g(x)) . by our claim that holds

= F(g(b)) — F(g(a)).

Note, since F(g(b)) — F = F(g(b)) — F(g(a)) it follows that

(9(a))
b g9(b)
/ fg(x)d (x)dx = /( | f(u)du where u = g(z) and du = ¢'(x)dx; as required.

O
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earctan(x)
Example. Find / —dx.
14 a2

Solution. Let u = arctan(z) and du = —5dx. Then,

earctan(a:) 1
dr = arctan(zx) d
/ 1+ 22 . / ¢ 1+ 22 .

= / e'du where u = arctan(z) and du = Jdz as defined
=e"+C by inspection
= emctan(@) 4 by defined wu.

|

™

Example. Find /2 sin®(z) cos® (x)dz.
0

Solution. Let u = sin(z) and du = cos(x)d.

™

/O * sin®(2) cos® (2)dar

3

N

sin®(z) cos?(x) cos(z)dx

VB

Il
"\*‘:\‘ﬁf\‘x
g

sin®(z)(1 — sin*(x)) cos(x)dx

in®(z)(1 — sin?(x)) cos(x)dx

—

= [ v’ (1—u?)du by chosen u and du
1
= u® —u'du algebra
1
(F-5)
=|—=—-—= by FTOC I
6 8 .
1 1
=—-——-——(0
)
1 :
=51 as required.

Exercise. Solve using u = cos(x).
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Example. Find / V2 — zd.

Solution. Let u =2 — x.du = —dx. Then,

/\/de:/\/m-dm.

:/ué-—du
:—/uédu

+C

Exercise. Find /\/4— Vzxdz.

Example. Evaluate / V3 + 222°dz.

Solution. Choose u = 3 + 22 and du = 2zdx.

[ N

2
1 2
zﬁ/ﬁ(u—Z&) du
1

= —/ug — 6u> + Yuzdu

2
7 5 3
uz  6uz  9u2
T3t T) +C
2 2 2

by chosen u; as required.

by chosen u and du

+3(3 + 2%)
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Theorem 5.1.0.2 (Integration by Parts). If u = f(x) and v = g(z) are diff, then

b b
— vdu.
a a

ii. For indefinite int / udv = uv — / vdu.

b
i. For definite int / udv = uv
a

Proof of ii. We show if u = f(x) and v = g(z) are diff then /udv = uv — /vdu, ie.,

[ 1@ @ = wgt@) - [ o) f @

Suppose u = f(z) and v = g(x) are diff. We know

(F@)g(@)) = £ (@)g(@) + f@)g (@) by product rule
= [@)g@) = (f)g@)) - g(@)f ()

— [ @ @de = [(1@gle)) oo (2)ds  ntegrate vt o

~ (@@ - [ g@)f @)tz by indef int prop

= f(2)g(z) - / 9(2) f'(z)da by definition of indef int

U]

Theorem 5.1.0.3 (Partial Fraction Decomposition).
Remarks. The propose of PFD is to rewrte certain proper rational functions into equivalent
partial fractions.

For example, f(z) = % = ﬁ?) + x+r2 Recall a rational function is a function of the
form gg; s.t. P and @ are polynomials and Q(z) # 0. Where a polynomial is a function of

the form ag + a1 + ax® + - - - + a, 2™ for any a; € R, n € Z=° By proper we refer to the state
in which deg(P(z)) < deg(Q(z)).
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Example Write the pfd form only for the followings:

. o r—12
i f(7) = woe

Solution.

8r — 12 A B

a by rule 1 where A, B € R
(I+6)($—3) I—|—6+x_3 y rule 1 where A, c

[ |
i. f(r) = 5
Solution.

9—92 _A B C MatN
»(2+1) 22 2 2241

by rule 1 and rule 2 where A, B,C, M, N € R

iil. f(z)= (r—1)2(2x217)2(ex_7")

Solution.

7 A n B +CJJ—|—D+ Mz + N n K
(x— 12222 +7)2(ex —7) x—1 (r—12 22247 (222472 ex—7
by rule 1 and rule 2 where A, B,C,D, M, N, K € R
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T+5
E le. Evaluat —dx.
Xampe Vauae/x2+x_2x

Solution. Note
T+ 5 A B

_Ax—=1)+B(z+2)

x2+x—2:x+2+x—1_

(x +2)(x — 1)

— v+5=A(x—1)+ B(z+2)

= A=-1ANB=2

choose x =1 and z = —2

r+5

/x_%dx:/ dn

22+ —2 (x+2)(z—1)
B A
_/:c—|—2+
B —1
_/x—|—2+

=—lnlz+2|+2Injz -1+ C

for A, B € R by rule 1
B
1dx by pfd rule 1 where A, B € R
x R
2
dx by solved A A B
r—1

by inspection
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a3 — 322 4+ 22 — 1

xt 4 22 dr.

Example. Find /

Solution. Note
5u° —3x? +2x —1 b’ —32* 42 —1

.1'4—{—.172 $2($2+1)
A B D
== —2+C‘7§—+ by rule 1 and 2 for A, B,C, D € R
r 2+ 1
_ A(x(2® +1)) + B(2®> + 1) + (Cz 4 D)(a?)

x4 + 2
— 523 — 3224+ 2 — 1= A23+ Az + Bz®> + B+ Cz® + D2

=(A+0)x* + (B+ D)r* + Az + B

5 =A+C

3 =B+D
—

2 =A

-1 =B

— A=2AB=—-1ANC=3AND=-2.

Then,
3 322420 -1 A B D
/5“’ vt (AL B Gt D by rule land 2 for A, B.C.D € R
x4 + 22 xr a2 2 +1
2 -1 3r—2
:/—+—2+ i dx by computed A, B,C, D
A x?+1

/2+—1+ 3z 2 d
= | -+ — — x
r  x2  x24+1 2241

1 3
=2In|z|+—+ 2 In(2? + 1) — 2arctan(z) + C
T

xt =22 +dr+1
d—a?—z+1

dx.

Excercise. Evaluate /
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Theorem 5.1.0.4 (Trigonometric Substitution).
Remark. The purpose is to rewrite the integrated equivalently
depending on the form: a? + u?, u? — a or a®> — u?, where a € R*, u is a polynomial. There
are 3 trig subs:
i.

a4+ u? = u=atanf, o c (%,g)

ii.
a® —u* = u=asinf, 0 c [%ﬁ,g], lu| < a.

iii.
0,%), ifu>a

(5,7, ifu< —a.

u? —a® - u=asech, d c {
Example. Can we apply a trig subst on the following? If so, what subs?
T 3r+1

@ ) Ve

Solution. Observe that type (i) trig sub is applicable as for 22 + 9,u = r Aa = 3
satisfies u> + a?. Let x = 3tan6,0 € (=X, 2) |

(b) / (z+ 3)(4\:;;_ 16)5/3dx, x> 2.

Solution. Observe that type (zii) trig sub is applicable as for 42% — 16,u = 2z A a = 4
satisfies u? — a®. Let 2z = 4sec,0 € [0,Z) as x> 2 <= 2z >4 =a. [
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\/7

Example. Find dr,x > 3.

Solution. Let v = x and 3 = a. We have a type (74) trig sub. Let x = 3sec6,6 € [0, 7) as
u=2x >3 =a. Thus, dv = 3secftan 0df.
Note 72 — 9 = (3sech)? — 9 = 3%*(sec?§ — 1) = 3? tan” §. Thus,

/Jidx_/m

5 5003 0 3sectan 6 do

v/ (3tan 0)?
/ 32sec2 6
|3 tan 6|
32sec? 6

:/Mde as tan6 > 0 for 6 € [0, 7]

32sec2 0
1 tan 6
= — do
3/86C29
= 1/si1r120d9
3
1 1-—
:_/< COS(Q@))dQ
3 2

1
=5 /(1 — cos(20))do

:é(e_@)w

x x
recall that + = 3sec < 3= sec) <— 0= sec_l(g) as the interval of 6 is injective.

_ 1 (0_ QSmGCOSH) Lo

6 2
1 Vaz—-9 3
=% <sec‘1(§) + ¥ . —) +C by triangle method.
x T
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5.2

1.

Integration Techniques Summery

Geometrically: Only for def int of the forms
d d
/ ax + bdzx V / £/ (r2 — (v — h)2dx.

By Inspection: literally attention is all you need.

u-subs (inverse chain rule)
[ Hog@)ds = [ frupdu
by parts (inverse product rule)

/ f(2)g'(z)dz = f(z)g(x) — / g(x) f(x)dx = wv — / vdu.

PFD P(a)
x
s.t. de < de .
/ @) g(p) < deg(q)
trig subs
u? — a? u? + a? a? — u?
u = asec(0) u = atan(0) u = asin(f)

u>a = 0€l0,7/2) |0 (—n/2,7/2) |0 € [-n/2,7/2],|ul <a
u< —a = 0¢€n/2,n7]

du = asec(f) tan(0) du = asec?(0) du = acos(f).
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5.3 Improper Integrals
b
In past, we have assumed, for / f(x)dx,

i. [a,b] is bounded.
ii. f(x) is bounded on [a,b], i.e., no V.A. on |a, b].

If these conditions fail, we get an improper integral.
Example.

1. / (arctan(x))*dx - improper due to oo bound (type I).
0

8
1
2. dz - improper due to VA at 2 (type II).

/Qm prop (yp )

1
3. / 2~ 2dx - improper due to VA at 0 (type II).
-1

4. / csc(z)dx - improper due to VA at 7 (type II).
/2

1 2
2
5. / Mdm - improper due to —oo bound (type I).

o 241
E le. Evaluat /oo ! d
xample. Evaluate ——dx.
p 1 (Bx+1)2
Solution. Intuitively, think of A as approaching to infinity. Then,
/OO ! d li /A ! d by definiti f type I
———dr = lim ——dr efinition o e
1 Bz +1)? A=co Ji (Bz+1)2 Y P
: 1 A : .
= f}gl;o —g(Sx +1) 1‘1 by inspection
1 1 1
= lim —- — = FTOC I
J R ey Sy by FTOC
—1 1 1

.. limit exists. The integral converges to 1/12
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5
1
Example. Does / e dx converge/diverge?
0

X

Solution.

°1 °1
/ n(x)dx = lim / n(z) dz by definition of type II (as A — 0 from the right)
0

i A—=0t J 4 i
1 2
= lim (In(z)) A® by inspection
A—0t 2
2 2
i (G (),
A—0t 2 2
by FTOC II; note that A — 0~ = In(A) - —o0 = (In(A4))? = oo
= —00

.. limit DNE. .. The improper integral diverges.
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Example. Does / o~ 2dx converge/diverge?
—1

Solution.
1 0 1
/ x_zdx:/ x_Qd:v—l—/ r2dx
-1 -1 0
A 1
= lim / 7 %dx + lim / r%dx by definition of type II.
A—0— -1 A—0t B
Considr

0

Therefore, / x 2dz diverges. Now it suffices to show that limy_ g+ i) g, x~2dz does not
~1
evaluate to —oo. Note Vo € (0, —1],272 > 0. Thus,

1
/ x 2dx > 0.
0

1
/ r2dx # —o0.
0

1
/ x?dx diverges.

1

In particular,

Thus,

1

Exercise. (Hint: apply union property interval.) Does / dz converge or diverge?

oo T —
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Motivation. Con/Div?

/°° (cos(2z* + 1)%0 + 1)
dz.
1 (22 + emr)100

Theorem 5.3.0.1 (Comparison (Direct) Theorem). Suppose f,g,h are continuous on an

interval [ and [ f(x)dx is an improper int.
I

1. If0 < f(z) < g(x),Yz e I A /g(x)dx converges, then
I

/ f(z)dx also converges.
I

2. If0 < h(z) < f(x),YVe e I A /h(x)dx diverges, then
I

/ f(z)dx also diverges.
I
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Example. Let f, g, h be continuous on interval I. Consider the improper integral / f(z)dz.
I

Prove if 0 < f(x) < g(x),Vx € I and /g(x)dx converges, then
I

/ f(z)dz converges.
I

Proof. WLOG I = [a,00) for any a € R. Assume (1)0 < f(z) < g(z),Vx € [a,00) and (2), / g(x)d.

[ee]

A
WTS / f(z)dx convergences by definition, i.e., f}im / f(z)dz exists.
a —00 a
Let A € [a,00) be arbitrary. Note,

(1) 0< f(z) <g(z),Vr € [a, A] € [a,0)

A A A
/ Odz < / flz)dz < / g(x)dx by def int prop
a A a A a
0 §/ f(z)dz g/ g(x)dx
A A
0< / fz)dz < / g(x)dx,YA > a as A is arbitrary, i.e., A € [a, 00)

A—o00

A A
lim 0 < lim/ f(z)dx < lim/ g(x)dz
A—oo [, A—oo J,
A

bbbl

lim 0 < Alim flz)dx < / g(x)dx by def type I
—00 a

A—o0 a

!

A—o0 A—o0

A
lim 0 < lim / f(z)dz < some constant k

by assumption (2) [ g(x)dx converges

A—o0

A
we know that lim / f(z)dx is continuous on [a, A] by FTOC II

and increasing on [0, A] as f(x) > 0.
A
oo lim f(z)dz exists
A—o00

a

i.e.,/ f(z)dzconverges.
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6 Sequences

Definition 6.0.1 (Sequence). A sequence is a function a,, : N — R where N C N. Typically,
|N| = co. We denote an infinite sequence of real numbers in general terms as

{an}nis-
Definition 6.0.2 (Sequence Convergence/Divergence). We say a,, converges to [ iff
A eRVe>0,IN >0st. VneNn>N = |a, — ] <e.

That is,

lim a, = 1.
n—oo

We can also say a,, diverges to oo, i.e.,
VM >0,dN >0st. VneNNn >N = a, > M Va, < —M.
If a,, > N, then a,, diverges to oo otherwise —oc.

Remark. ne N =—= n>1>0N>a = n > a.

2
Example. Prove a, = #ﬁr? converges to 1.
Proof. Choose | =1 € R. Let ¢ > 0 be arbitrary. Choose N = % > 0. Suppose n > N.

Consider,

n?—2
B
n?42n+2
n?—2—(n*+2n+2)

n?+2n+2

2n —4 |
n?2+2n+1
_ Plln-2|

In? + 2n + 1|

2 2
:ﬁ assume N >2 — n>N>2 — n—2>0
n?2+2n+2
< 2(n+2)
~ n?24+2n

jan — 1] = |

A
R AR

as required.

]

p- 45
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Example. Prove if {a,} and {b,} converge, then

{anb,} converges.
Proof. Suppose
1. {a,} conv to some a € R.
2. {b,} conv to some b € R.
WTS: {a,b,} conv, i.e.,
dleR,Ve>0,dN >0s.t. Vn e Nyn >N = |ayb, — | <e.

Choose [ = ab € R.

Let € > 0 be arbitrary.

Note 1. = IN; >0st. n> Ny = |a, —a| < Iblﬁ%

Note 2. == IN; > 0s.t. n> Ny = |b, —b| < mﬁ%

Choose N = max{Ny, Ny, N3} > 0.

Note that 2. = 3IN3 > 0s.t. n > N3 = |b, — b| < 1. From which it follows that
|b| = [bp, — b+ b| < |b, — bl +|b] < 1+ 1b|.(x)

Suppose n > N. Then,

|ayb, — ab| = |anb, + 0 — ab|
= |anby, + ab, — ab,, — ab|
= |bu(a, — a) + a(b, — b)|

<|bn(an, — a)| + |a(b, — b)| trig inequality
= |b,||an — a| + |a||b, — D] def of | |
< (L +[b))|an — al + |a|[b, — ] by ()
1 e la| €

1+ |b = =
<O+t T2

< < lal  _ lal+l _
<§+(1)§ as T < e = L
=e.
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Theorem 6.0.2.1 (Convergent Sequence Properties). Let {a,} and {b,} be sequences. Let
a,beR. If a, — a and b, — b, then
1. {a, + b,} converges to a +b

2. any ¢ € R, {ca,} converges to ca

3. {a,b,} converges to ab

4. {§*} converges to § where b # 0 and b, # 0.

p. 47
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Theorem 6.0.2.2. If {a,} conv, then {a,}’s limit is unique.

Proof. Assume {a,} conv to both (1)/; € Rand (2)l; e R. WIS [} =1, < [} — 1, =0.
It suffices to prove
Ve > 0, |l1 —l2| < 0.

Remark. The sufficiency can be demonstrated by its incompatibility with l; # I, <=
ly < ly V1 > ls. Suppose either case, then we can show a contradiction, therefore it is the
equivalent of {1 = [5.
Let € > 0 be arbitrary.
Note

{(1) AN; > 0 s.t. n > Ny then |a, — 1| <

(2) dN; > 0 s.t. n > Ny then ]an — l2| <

NIM DM

Consider

|l = ln| = |11 + 0 = 1]
=1l —a, + a, — lo
= | = (an — 1) + (an — 1)
< | =(an —U)| +]an — Lo trig inq
= [(an = L)| + |an — Ly

A

+ provided n > max{N, No}

DO ™

€
2
15 as needed.

]
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Definition 6.0.3 (Boundedness and Monotonicity). Let {a,} be a sequence. We say

1. {a,} is bounded if it is bdd above and below, i.e.,

e € RZ st |a,| < ¢, Vn € N.

2. {a,} is monotone if {a,} Vi e NV {a,} | Vi e N.
Example. {1+ (—1)"} is bounded and not monotone.
Example. €” is not bounded but monotone.

Theorem 6.0.3.1 (Bounded Monotone Convergent Theorem-BMCT). If {a,} is bounded
and monotone, then
{a,} converges.

Proof. Suppose {a,} is strictly increasing and bounded above. WTS {a,} converges by
definition. WTS 3l € R,Ve > 0,dN > 0st. n > N = Ja, — | < €. Consider A =
{anln € N} € R.We know A # () as a; € A. Then, A is bounded above by assumption.
By completeness axiom, sup(A) exists. Let such sup(A) = a. Choose | = o € R. Consider
arbitrary € > 0. Choose N € N s.t. « — e < ay. Suppose n > N. Then, by assumption of
strictly increasing and chosen N by approximation theorem,

a—c<ay<a,la<a+te
— a—c<a,<a-+¢

= |a, —a| <e¢ as required.

X O]
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Example. Let {a,} be sequence defined by

a, = \/é,anﬂ =+6+a,ifneNandn>1.
(Recursively-self-referenced-defined sequence). Prove {a,} converges.
Rough, note

a1=\/6

as =6 +a; =1/6+V6

a5 =6+ as=\/6+1/6+6
In particular, as 0 < 6 < 9,

V6 <V9=3

V6+vV6 <\ 6+VI=v0=3
\/6+1/6+V6<\/6+1/6+vV9=1/6+v9=+v9=3.

Claim: {a,} is (1) bounded above and (2) strictly increasing.
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Proof. of (1) WIS 3M € R,Vn € N,a,, < M. Choose M =3 € R.
WTS a, < 3,Vn € N. Consider n = 1 for the base case. Then, a; = v6 < v/9 = 3. Thus,
the base case holds.

Inductive Step: Vk € N, (ar, <3 = a1 < 3). Let k € N be arbitrary.
Assume ay < 3 (Induction Hypothesis). WTS: ax,; < 3. Consider a1, by definition

apt1 = V0 + ag
<V6+3 as 6 +ap <6+ 3 by LLH.
= 3.

By PMI, a, < 3,Vn € Ni.e., {a,} is strictly bounded above by 3.
of (2) WTS: Vn € N, a,, < an41. Let n € N be arbitrary. Consider

az —az. =a:— (V6+ay,) by definition of {a,}
= i — (6 +an)
=a®—a,—6
= (an — 3)(a, +2)
<0 as a, € (0,3) by (1) thus the left hand evaluates to negative
= al <a,
= ap < Apy1 since i is increasing as required.
Therefore by BMCT, {a,} converges.
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7 Series

Definition 7.0.1 (Series). Let {a,} be an infinite sequence. Then, a;+---+a,, is an infinite
series. In particular,

Sn:a1+---+an:ian.
n=1

Definition 7.0.2 (Convergent Series). Given Y a,, we say Y a, converges if

{S,} converges.

That is,
S eRst. lim S, =.5.

n—o0

If > a, does not converges, we say > a, diverges.

Example. > 7

n+1
-1 In(®=) converges or not.

Proof. We first observe that In(%+) = In(n + 1) — In(n). Consider

Sp=a1+ - +a,
= (In(2) —In(1)) + (In(3) = In(2)) + - - - + (In(n) — In(n — 1)) + (In(n + 1) — In(n))
note that it telescopes

=In(n+1)
Thus,
lim S, = lim In(n + 1)
n—oo n—oo
=00
. lim DNE .
Thus the series diverges. [
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Theorem 7.0.2.1 (Properties of Convergent Series). If > a, and > b, both converges,
then

i. > (a, + b,) converges.
ii. VeeR,> c(ay,) converges.
iii. lim a, = 0 (vanishing condition).
n—oo

Proof of iii. Suppose Y a, converges, i.e., lim S, = s for some s € R. Consider
n—oo

lim a, = lim a, +0
n—o0 n—o0

= lim (a1 + -+ apa) +ap — (1 + - + @)

= lim Sn - Sn—l
n—oo
= lim S, — lim S,,_1

n—oo n—oo
by assumption the series converges therefore individual limit exists

=S—S

=0 as required.
]

Theorem 7.0.2.2 (Divergence Test). Given ) a,. If lim a, # 0, then
n—oo

Z a, diverges.

Proof. Recall P — @ = —-(Q = —P. Note the contrapositive of the theorem is our
vanishing condition which has been shown already. [
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4 R
Example. Does >0 ¥21 —1 conv or div?

Proof. Note that

lim a, = lim
n—00 n—soo N2+ 3

. Vhnt+1 1/n?

= lim .
n—oo n2+3 1/n2
V1/n4/5nt +1

\/5+1/nt
:hm+—/n

_ 5

VATl

By divergence test theorem, this suffices for us to conclude that ) 7%, ¥ 3=

Definition 7.0.3 (Geometric Series). Let a,7 € R s.t. a # 0. A series of the form

o0

a+ar+ar3—|—~--+ar"+'--Zzarn

n=0
is a geometric series. The number r is the ratio of the G.S.
Example.

I.1—e+e?—e*+... —yesr = —e.
- 1n 1

2. Zﬂ'(§) —yesT = 3.
n=3

o0
n
3. Z i counter-example, note that the ratio changes.

n=1

diverges.

]

. 94
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Example. Consider Y ar™, a,r € R,a # 0. For what r values does this G.S. con or div?

Proof. We prove by def, i.e. lim,_,o S, =?77. We know S, = a+ar+ar*+---+ar" ' +ar”®
by definition. From which it follows that

7S, =ar +ar* +ar® + - +ar" +ar".
Thus,

Sp—1Sy=(a+ar+ar?+---+ar" ' +ar") — (ar +ar* +ar® + - +ar™ + ar™™)

=1—art!
— Sp(1—7)=a(l—r"*h
1_ n+1
— Snzw for r # 1;
1—7r
— Sp=a+a+---+a(l)"=(n+1)a forr =1
Case 1., suppose r = 1.
lim S, = lim (n+ 1)a = o0 fora>0Va<0.
n—oo n—oo

Thus the limit does not exists. Therefore the geometric series diverge by definition in this
case. Case II., suppose r # 1.

1 n+1
lim S, = lim o ™) fora>0Va<O.
n—o00 n—o0 1—17r
= lim 1 — 7"t
1 —7rn—oc
zlir(l—gln;or”+l) :1ir for |r| <1
else, if |[r]>1Vvr=—L
Since
0, Ir| <1
n 00, r>1
{r"}y =
DNE, r< -1
DNE, r=-1.
Thus, by definition, Zar” converges to some % if |r| <1
and diverges if |r| > 1V r = +1. O
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Theorem 7.0.3.1 (GS Test). Given >~ ar™, a,r € R,a #0.

1. If |r| < 1, then the series converges with

Zar": 1i7"

2. If |r| > 1 then our series diverges.

Example.

a. > - .nl
Proof. Note lim,, ., a, = lim,,_,,, n! = oo # 0. Thus, by div test it diverges. O
b. ZZO:2 W(%)n

Proof. By GS test, as |r| = = < 1, the series converges to -2, i.e. m(7/13)* N
) 13 ? 1—7r? ) 1-&

o 2o ()" —el3)")

Proof. Consider > (3)" By GS, |r| = 3 < 1. Thus, it converges to é = 2.
Consider 3°2° (e ((2))". By GS, as |r| = 2 < 1, it converges to 1_6% = I¢. By proper-
ties of convergent series, > o ((3)™ — e(3)") converges as ‘conv — conv = conv’. In

particular, the given sum converges to 2 — % Il
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Theorem 7.0.3.2 (Integral Test). Given > a,. If f(x) is positive, continuous, decreasing
on [1,00) and a,, = f(n),Vn € N then,

o0

Zan converges <= / f(x)dx converges.
1

n=1

Thus, by logical equivalence,

Zan diverges <= / f(z)dz diverges
1

n=1
Proof. [
Example.Consider ) ;ne™". Conv? Div?

Proof. Let a,, = ne™™ = f(n),¥n € Ns.t. n > 3. Then, for z € [3,00), f(x) = ze*. Note
that f > 0 as product of positives is positive.

For z € [3,00), f'(z) = e —xe ™ = e *(1 — x) since z € [3,00), f'(z) < OVz € [3,00), thus
decreasing on the interval of interest. As differentiability implies continuity, f is continuous.
Thus the hypothesis of integral test is satisfied. Consider

o0 A
/ xe Ydr = lim xe “dx type 1
3

A—oo 3

= Jim ([—we ) + [~ )
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Definition 7.0.4 (p series). Let p € RT. A series of the form

o0

111 &1

1»  9»  3p np

n=1
is a p-series. The number p is called the p — value.

Example.

LY> f.p=1

2. Y - yesp=T-8+T.
3. \%4—\%—1—\%—1—... —yesp:%.

4. 57> L _no, as p varies.

n=1 nn

Theorem 7.0.4.1 (p-sereis test). Given >, & p € RT.

1. If p <1, then

o

1
Z — diverges.
np

n=1

2. If p> 1, then

o0

1
E — converges.
npk

n=1

Proof. Let a, = = := f(n),V¥n € N. Thus, f(z) = &,Vz € [1,00). For, z € [1,00), f(z) =

x—lp > 0. Consider two cases for f’. Suppose p # 1, then f'(z) = (z77) = —pz~®*+) < 0.
Consider [~ f(z)dx = [[° 2 Pdx. [left as exercise by integral test] O

p- 98
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Example. Y >, % Conv, or Div. Note that % is a p series with p = 1. Note p =1 < 1.
Thus, by p—series test, > > | L.

Theorem 7.0.4.2 (Direct Comparison Theorem for Series). Given ) a,, > by, D Cp.
1. f0 < a, <b,,Vn € Nand > b, conv, then

o0

g a, also converges.

n=1

2. If0<¢, <a,,Vn e Nand ) ¢, div, then

oo
E a, also diverges.

n=1

Proof of 1. Suppose 0 < a,, < b,,,¥n € N and »_b,, conv.
WTS: > a, converges, i.e., lim, ,,, =S, exists, i.e., {S,} = {S1,...,S,} converges.
Recall S,, =a; + -+ + a,. Let n € N be arbitrary. Consider

Spi1 = Sp + apaa by definition; note that S, > 0 A a,,+1 > 0 by assumption

> S, minimize sum of non-negative terms

Hence, Vn € N, S,11 > Sy, i.e., {S,} is increasing. By assumption,

Zangzm as a, <b,,vn € N
n=1 n=1
=t such that for some ¢t € R by assumption

Note that by max of sum and a, > 0,Vn € N.

S, < ian.

n=1

By transitivity, it follows that S,, <t¢,Vn € N. Thus,
Jt e Rs.t. Vne NS, <t

that is, {S,} is bounded above by t.
. by BMCT, {S,} converges, i.e., lim,_, S, exists, i.e.,

Z an,converges by definition.
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tan(n)
Example. > >° , 2% )
ple. 3, mos

Proof. 1., Forn € Nst. n>3,a, = ff/t?i(ﬂ > (0 are all positive. II., find a good comparison.
Consider

arctan(n)  arctan(n) L _
< minimize denominator

nz + 4n 4n
/2 :
< VTS properties of arctan
T 1
=== as ™ <4
2 4n
note that this is a geometric series with r = % <lLa=7%

Consider 72 . b, => 27, 2(3)". As 0 < a,, < b,,Vn € Nand ) b, converges, by Direction
Comparsion,

oo
5 a, also converges.

n=1
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Definition 7.0.5 (Alternating Series). A series of the form

o0

bytby Fhyt-o- =Y (=1)""b,, st. by >0

i=1
is called an alternating series.

Example.

[e'e) "™ .
LY, (1n(72) is AS.

2. > 0o, 6057(17”) is AS in disguise.

Theorem 7.0.5.1 (Alternating Series Test - AST). Given Y .= (—1)"1b,, b, > 0.

If (1), by, > byy1,Vn € N and (2), lim,_,o b, = 0, then

oo

Z(—l)"“bn converges.

n=1

Proof. Given y ;= (—1)"1b,, b, > 0.

Suppose by, > b,41,Vn € N and (2), limy, o b, = 0. WTS: >, (—=1)""b,, converges. O



MATA37 Eric Wu Winter 2025

Example. > 7, % conv? div?

Proof. This is an AS with b, = ﬁ > (. Consider lim,,_,, = ﬁ =0.

Note that for arbitrary n > 2 € N
1

1 1 1 1 >
n<n+1l = In(n) <ln(n+1) = () = £ 1)

— b, > bpy1,¥n >2€N.

As both conditions for AST suffice, the given series converges. WTS lim,, ., .S, exists, i.e.,
{S,} converges. 'Prove using BMCD {2,, — 1} conv and {2,,} conv and [; = l,.’ O
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Definition 7.0.6 (Absolute/Conditional convergent). A series ) a,, is said to:

1. Absolutely Converge ift
Z |a,| conv.

2. Conditionally Converge iff

Z |a,| div and Z ay, conv.

Example. Does 5> $26n) o AC, div?

471/

Proof. Consider

- 6n) (6n)
Z |sm( n | = Z |sm n) properties of | - |
1 o
< Z o as sin is bounded above by 1
n=1
/4 1 : .
= 3—/4 =3 geometric series

(6
As a series above is convergent, by CT, > > |Sln )| converges, thus the given series abso-

lutely converges. [

Example. >, (_12:1_1‘ Consider lim,, o % =0.Vn eN,

1 1
n<n+1l — — >
n n -+

1 — bn > bn+1.
By AST,

= (1
Z ———converges.
n=2 n

Consider Y77, |a,| = Y07, % by |- | def. Note that as this is a p-series with p = 1, it
diverges. Thus the given series conditionally converges.
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Theorem 7.0.6.1 (Ratio Test). Given ) a, series such that a, # 0,¥n € N. Define

. An41
L = lim |
n—oo a

| s.t. L €[0,00) U {o0}.

n

1. If L <1, then
Z a, AC thus also conv.

2. If L > 1, then
Z a, div.

3. If L =1, then
inconclusive.

Proof. Given ) a,,a, # 0,Vn € N. Define

L= lim |2 st. L € [0,00) U {oo}.

n—oo a?’l

Le.,
L>0, Ve>0,3N>0st. VneNn>M = |2 <e
L=o00, YM>0,3N>0st VneNn>N = |==|> M.

Outline.
1. If L < 1, we use bounding of PMI to show |a,| is < a GS: use CT.

2. if L > 1, we use bounding + div test to show >_ a,, div.
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Example. Does 377 ' conv? div?

en-‘—l
. . n . it . n+1l  (2n)!
Proof. Find L = limy,_,o | =5 | = limy, o0 (W) = lim,_, & (2n)

. “en (2n+2)!
Note that .
li =0
noo (20 +2)(2n + 1)

Thus, by RT, the given series converges.

e

(2n+2)(2n+1)"
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8 Power Series

Definition 8.0.1 (Power Series). Let {c,}22, C R. Let a € R. A series of the form
co+ci(r—a)+ ez —a)* + - +cp(z—a)" chx—a

is a power series centered at a. Where a is the center of a series and ¢, is the n'* term
coefficient of power series.

Example.
L 1+x+a?+---+a"=> 7 z"is a power series with a =0A ¢, = 1.

2. > 1(17 3" isa PSwitha=3A¢, = 4.

3. 2 2(4\?212 is a PS with a = —1/4 and anj_’%
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Definition 8.0.2 (Taylor Series). Let f be a function that has derivatives of all orders at
r = a. A power series

10(a)

oo
E Cn(z —a)™ where ¢, =
n!

n=0

is called a Taylor Series for f If a = 0, the Taylor Series is called a MacLaurin Series.

Example. Let f(x) = e”. Find a Maclaurin Series for this function.

Solution. > > %x” by definition.

n=0

Claim f™(r) = e = f™(0) = 1. Thus the Maclaurin series is

Definition 8.0.3 (Radius of Convergences). Let a € R. Given ) ¢,(z — a)”. The largest
value R € Rt U{oo} s.t. PS converges absolutely for x satisfying|z — a| < and diverges for
x satisfying |x — a| > R, is called the radius of convergence of the power series.

The interval of convergences of PS, I = {z € R: ) ¢,(z — a)™ converges}.
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Example. Y > "(;,ﬁ)n. Find I. First note that this is a power series with a = =2 A ¢, =
n / 3n+1 .

Solution. Find/compute R. (ratio test). Consider

_ \n+l (n+1)(z+2)"*!
lim i1 (2 — ) = lim ( LR ) where z # a
n—oo | cp(xr —a)? n=300 n(z+2)
3n+1
B hm n+ 1 3n+l (ZE + 2>n+1
e e n 3n+2 (x + 2)7’1

n—oo

1.1
=lim(1+—-)z|z+2
i n)S‘x |

1 1
:§]a:+2] lim(l—l—ﬁ)

n—oo
B |z + 2|
3

By RT, our series AC if |:r_§2\ < 1and div if @ > 1.

Thus, PS will AC for |z 4 2| < 3 and div for |z + 2| > 3. Thus, R = 3.

Then, we check end points for = a + R. Consider z = —5., then we have >~ ”(gf—jf)n
We apply div test. Suppose n is even then, a, = 0o else to —oco. Thus, the series diverges.
Thus, our PS must div at = 5. Consider z = 1. Consider ) -, r;(gg) = > oy 5(1)™ Div
test the series diverges as lim,,,o, § = 0o. Thus, we conclude that our PS diverges at = = 1.
Thus,

[=(-51).
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